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Abstract: In this paper, we study robust stability of a closed-loop system with disturbance observer (DOB) when the
relative degree of the plant P is greater than or equal to one, but is unknown to the control designer so that he/she chooses
the nominal plant P, of relative degree one. This situation typically happens when the actuator dynamics is ignored at
the control design stage. Based on the standing assumption that the bandwidth of the low-pass Q-filter is sufficiently
large, our study reveals the following results: 1) if the relative degree of P is equal to, or bigger than the relative degree
of P, by one, robust stabilization may be achieved by carefully designing the Q-filter and the nominal model P,,. It is
emphasized that, when the relative degrees are not the same, not only the Q-filter but also the nominal model P,, should be
carefully chosen to achieve the goal. 2) When the difference of relative degrees is greater than one, robust stabilization is
not possible no matter how Q-filter and P,, are chosen. Therefore, in order to achieve robust stabilization, it is suggested
to estimate the relative degree of the plant as close as possible.
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1. INTRODUCTION also the nominal model P,, should be carefully chosen to

achieve the goal. 2) When the difference of relative de-

The disturbance observer (DOB) based controller has grees is greater than one, robust stabilization is not possi-
been widely used among control engineers since it has a ble no matter how Q-filter and P, are chosen. Therefore,
powerful ability of uncertainty compensation and distur- in order to achieve robust stabilization, it is suggested to

bance attenuation [1-7]. While there have been some re- estimate the relative degree of the plant as close as possi-
search works on the stability of the DOB [4, 8—10], most ble.
of them presented somewhat conservative sufficient con-
ditions. Recently, the authors of [11] provided an almost The paper is organized as follows. Section 2 intro-
necessary and sufficient conditions for the DOB system duces a basic idea of DOB controller and presents a pre-
to be stable, when time constant of Q-filter is chosen suf- vious result on the stability of the DOB control system.
ficiently small in accordance with the performance en- In Section 3, we present our main results that can be used
hancement. It was shown that 1) for the closed loop sta- to determine the stability of the DOB system when the
bility, uncertain plant should be of minimum phase', and relative degree of P is greater than (or equal to) that of
2) for any given C(s) that stabilizes the nominal plant, P,. Section 4 provides an illustrative example that con-
robust stabilization can be achieved by an appropriate firms the conditions derived in Section 3. Finally, some
choice of Q(s) using the same C(s). Although an al- concluding remarks are given in Section 5.
most necessary and sufficient conditions were presented Notation: Let D(s) be a polynomial with real coeffi-
in [11], it is not applicable to the case where the relative cients expressed as D(s) = dps™ + dp_15" 1 + - +
degree of real plant is not the same as that of the nominal dy s + dy. The polynomial D(s) is said to be of degree n
plant. if d,, # 0, which will be denoted by deg(D) = n. For a
In this paper, we study robust stability of a closed- transfer function G(s) = N(s)/D(s) (it is assumed that
loop system with disturbance observer (DOB) when the N(s) and D(s) are coprime polynomials), the degree and
relative degree of the plant P is greater than or equal to the relative degree of G(s) are defined as deg(D) and
one, but is unknown to the control designer so that he/she deg(D) — deg(NN), respectively, and the latter will be de-
chooses the nominal plant P, of relative degree one. This noted by r.deg(G). A stable transfer function implies that
situation typically happens when the actuator dynamics is its denominator is a Hurwitz polynomial. LHP (RHP, re-
ignored at the control design stage. Based on the standing spectively) stands for the open left (right, respectively)
assumption that the bandwidth of the low-pass Q-filter is half plane.

sufficiently large, our study reveals the following results:
1) if the relative degree of P is equal to, or bigger than
the relative degree of P,, by one, robust stabilization may

be achieved by carefully designing the Q-filter and the 2. PRELIMINARY
nominal model P,. It is emphasized that, when the rel-

ative degrees are not the same, not only the Q-filter but The standard DOB configuration is illustrated in Fig.

1, which has been actively studied in, e.g., [1-4,9,11]. In

- . — . the figure, P(s) is the uncertain plant, P, (s) is its nomi-
Some extension to non-minimum phase systems, however, is presented

in [12] by modifying the standard structure of the DOB and sacrificing nal mOd?l’ and C(S) is a controller demgned qp rort f(.)r
the performance of disturbance rejection. the nominal model P,L(S). The transfer function Q(S) 18
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Fig. 1 The structure of the disturbance observer (DOB)
controller. The shaded region represents the real plant
P(s) augmented with the DOB.

called a ‘Q-filter’, which usually has the form [2,9,11] of

cr(Ts)E +ep1(r8)F L+ 4

Q(s) = (T8) + a1 (78) 1+ + ay (75) + ao

(D

where 7 > 0 is the filter time constant, and k and [ are
nonnegative integers such that [ — k is greater than or
equal to the relative degree of P,(s). In addition, we
assume ag = co for the unity dc gain, i.e., Q(0) = 1.
The role of the (Q)(s) is to make the transfer function
Q(s)P;1(s) proper so that it is implementable and to
avoid the algebraic loop ¢ in Fig. 1. The plant output
y can be computed as

y(s) = Tyr(s)r(s) + Tya(s)d(s) — Tyn(s)n(s), (2
where
T P, PC
" Pl + PO)+ QP = Py)’
v P, (1+PC)+Q(P - P,
P(Q+ P,0)

Tyn = P,(1+ PC)+Q(P - P,)’

We assume that there exists an wy, > 0 such that, in
the low frequency range [0, wy], the disturbance d(jw)
and the reference r(jw) are significant while the noise
n(jw) is negligible. We also assume that, by choosing 7
sufficiently small, Q-filter is chosen such that Q(jw) =~ 1
in the low frequency range [0,wy]. Then, for all w €
[vad’

o PPC_ P.C
v~ p+pPP,C 1+ P,C’
Tya =0,

P(1+ P,C)

"~ PYPRC "

Ty

which leads to

P.C

_-n- 7 .
1+ P,C we [0.wr]

y(jw) = (Jw)r(jw), 3)
This implies that, in the frequency range [0,wz], the
closed-loop system with the DOB behaves as if it were

the nominal one in the absence of disturbance d. It should
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be noted that the closed-loop system must be stable for
small 7 in order to enjoy the virtue of the DOB controller
(i.e., rejecting disturbance and compensating plant uncer-
tainties).

The rigorous stability analysis of the closed-loop sys-
tem with DOB controllers for small 7 has been presented
in [11], where the following facts were revealed: 1) for
the closed-loop stability, uncertain plant should be of
minimum phase, 2) for any given C(s) that stabilizes the
nominal plant, robust stabilization can be achieved solely
by the choice of Q(s) without changing C'(s). In order to
introduce the condition of [11], we first let

_ P(s)
ﬂ&g@)

pr(s)i= Do) + ~1) V(o)

where Dg(s) = st 4+ a8+ - + a1s + ap and
Ng(s) = cps® + cx_18"~1 + -+ + ¢, and make the
following assumption.

Theorem 1: [11] Suppose that P(s) and P,(s)
have the same relative degree and their high frequency
gains have the same sign. Then, there exists a constant
7* > 0 such that, for all 0 < 7 < 7%, the closed-loop
system is internally stable if the following three condi-
tions hold;

(i) P(s) is of minimum phase,

(i) P,C/(1+ P,C) is stable, and

(iil) ps(s) is Hurwitz.

On the contrary, there is 7* > 0 such that, for all 0 <
7 < 7%, the closed-loop system is not internally stable
if at least one of the conditions (i)—(iii) is violated in the
sense that, P,,C/(1 4+ P,,C) has some poles in the RHP,
or some zeros of P(s) or some roots of py(s) = 0 are
located in the RHP.

Although Theorem 1 presents an almost necessary
and sufficient condition? for stability, it is not useful if
limg_y o0 % = 0 (because ps(s) = Dq(s) — Ng(s)
has a root at the origin since ¢y = ag), which occurs when
the relative degree of P, (s) is less than that of P(s).

3. MAIN RESULTS

Consider the closed-loop system of Fig. 1, where
transfer functions from [r,d, n]7 to [e,u,y]” are given
by

1 Q(P—Pn)+Pn’ (Qil)PPna (Qil)Pn
ANl CPna (1_Q)Pna _Q_Cpn
A opP., (1-QPP. (1-QP,

where A(s) = (1+ PC)P, + Q(P — P,). If the above
nine transfer functions are stable, then the closed-loop
system is internally stable. In order to analyze the stabil-
ity, let P, P,, C, and @) be represented by some ratios

21f some poles of P,C/(1 + P,C), or some zeros of P(s), or some
roots of ps(s) = 0 are located on the imaginary axis in the complex
plane, then Theorem 1 is not able to determine internal stability. How-
ever, if we exclude such situations, the conditions of Theorem 1 are not
only sufficient but also necessary for internal stability. In this sense,
they are called as an almost necessary and sufficient condition for sta-
bility.



of coprime polynomials, that is, P(s) N(s)/D(s),
P,(s) = Nu(s)/Dn(s), C(s) = N.(s)/D.(s), and
Q(s) = Ng(s)/Dg(s). Then, it has been shown in [11]
that, for given 7 > 0, the closed-loop system is internally
stable if and only if the characteristic polynomial

5(s) := (DD, + NN,)N,,Dg + NgD.(ND,, — N,,D)

is Hurwitz.
Now, we impose a restriction under which the study is
performed in this paper.

Assumption 1: The relative degree of P, (s) is equal
to one and the Q-filter is of the following form
co

Q(s) “4)

_ co = ag.
a17s +ag’

Under this assumption, the characteristic polynomial
becomes

6(5) = (DDan + NNan)CLlTS
+ (NN.N,, + D.-ND5,)ag
= a1(75)p1(s) + aopo(s),

where

po(s) = N(N.N,, + D.D,,),
p1(s) = N,(N.N + D.D).

In order to present sufficient conditions for stability,
we let

‘ 1
Po(s) = am, 8™ + am, 18+ + o

s

pl(s) = Pms™ + 6m_15m71 + -+ Bo,

where ms := deg(ND.D,,) and m := deg(N,,D.D).
Without loss of generality, we assume that 5,, > 0. By
the construction, it is seen that m — m, = r.deg(P) —
r.deg(FP,).

Theorem 2: Under Assumption 1, suppose that
r.deg(P,) = r.deg(P) — 1. Then, there exists 7* > 0
such that, for all 0 < 7 < 7%, the closed-loop system is
internally stable if the following three conditions hold;
(i) P is of minimum phase,

(i) P,C/(1+ P,C) is stable, and
(iii) oy, Bm > 0 and

5mam571 - CVmsﬁmfl < 0. (5)
On the contrary, there exists 7* > 0 such that, for all
0 < 7 < 7%, the closed-loop system is unstable if at
least one of the conditions (i)—(iii) is violated in the sense
that some zeros of P or some poles of P,,C/(1 + P,C)
are located in the RHP, or a8 < 0, OF B, —1 —
Qg Bm—l > 0.

Proof: Since m = m, + 1 from the assumption, we
need to analyze m + 1 roots of §(s) = ai(7s)p1(s) +
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appo(s) = 0 as T approaches zero. This is equivalent to
study the roots of?
1 (ao Po(s) ) -0
a1 sp1(s) ’

-
as 1/7 — oo. According to the standard root locus tech-
nique (e.g. [13]), as 1/7 — 0o, m roots converge to the
roots of pg(s) while the remaining m —m + 1 roots (will
be denoted by s*) to some asymptotes. By the definition
of po(s), assumptions (i) and (ii) imply that po(s) is Hur-
witz. What is left is to show that s* is located in the LHP
for small 7. To this end, let the roots of pg(s) and p; (s) be
denoted by s ; (¢ =1,--- ,mg)and s1; (¢ =1,--- ,m),
respectively. Then, because? Om,Bm > 0, it follows
that s* converges to asymptotes at angles ¢; radiating out
from the point s = ¢ on the real axis [13] where

~180° +360°(i — 1)

N m+1—mg

Din1S1i — Dlicy S0
m4+1—ms, ’

Since m — my = r.deg(P) — r.deg(P,) = 1, and

m ms
_ ﬂm—l _ Qm —1

§ S1, = — § 50,6 = — o )

=1 i—=1 ms

bi

, 1=1,2,--- ,m+1—mg,

g =

Bm

s* converges to asymptotes at angles ¢; from the
point s = o where ¢; 90° or 270°, and 0 =
%amlﬁm (BmQm.—1 — &m.Bm—1). From (5), it follows
that o < 0, which implies that, as 7 approaches zero, s*
will reside in the LHP.

The contrary part can be shown similarly, and hence

omitted. |

Note that the first and the second conditions of Theo-
rem 2 are the same as those of Theorem 1. On the other
hand, the last condition is related with P,,, which indi-
cates that the selection of P, is very crucial for the sta-
bility in the case where r.deg(P,) = r.deg(P) — 1. This
is a key difference from Theorem 1, where the selection
of P,, does not matter for p(s) (thus, for the stability of
the closed-loop system) as long as C'(s) stabilizes P, (s).

The following theorem shows that the closed-loop sys-
tem is not stabilizable for small 7 by any choice of C, P,
and Q-filter when the relative degree difference is greater
than one.

*

Theorem 3: Under Assumption 1, suppose that
r.deg(P) > r.deg(P,) + 2. Then, for given P, there is
no P,, C, and @ such that, for sufficiently small 7 > 0,
the closed-loop system is internally stable.

Proof: The proof is quite similar to that of Theorem
2. The root s* converges to asymptotes at angles ¢; radi-
ating out from the point s = o where
_180° 4-360°(i — 1)
o m—+1—mg

¢i ) 221727

,m+1—mg

3Since the assumptions (i) and (ii) are equivalent to that po(s) is Hur-
witz, only the stable pole/zero cancellation between po(s) and sp1 (s)
may happen.

4f A, Bm < 0, then we need to plot the negative root locus.



D i1 S1,i = D o,
m+1—my ’
Note that m + 1 — my = r.deg(P) —r.deg(P,) + 1 >
3, which implies that at least one of asymptotes has the
angle ¢; such that —90° < ¢; < 90°. Therefore, no
matter where the point s = ¢ is located, at least one s*
must enter the RHP for sufficiently small 7 > 0. ]

o =

Now, we interpret the condition (5) in terms of P, P,
and C. To this end, we denote the poles and the zeros
of P(s), and those of P,(s) by p;, z;, and p?*, 2, respec-
tively. For some nonnegative integers I, kp, 1., kn, lc, ke,
let

D(s) = (s +a, 1sl 1+~«+ap7lp),
N(s) = Kp(s" + by 18771+ + by 1),
D,(s) = (sl +anlsl 1—|—-~-—|—an’l"),
No(s) = Kp(s* + by 187 44 by k),
De(s) = (s' + ac 15 4 4 aey),
Ne(s) = Ko(s% 4 beqs™ 4+ o),

where K, K,,, and K denotes the high frequency gains
of P, P,,, and C, respectively.

Theorem 4: Under Assumption 1, suppose that
r.deg(P,) = r.deg(P) — 1 and a,,_Sm > 0. Then, we
have the followings: (i) If r.deg(P,C) > 2, then (5) is
equivalent to

kn kp In lp
DAY D MY pi<0 (©
i=1 i=1 i=1 i=1
(ii) If r.deg(P,,C) = 1, then (5) is equivalent to
kn P n lp
G s Y P Y pit KK <0
i=1 i=1 i=1 i=1
(7N
Proof: (i) It follows from r.deg(P,C) > 2 that
deg(ND.D,) > deg(NN.N,) + 2. In addition,

since r.deg(PC) r.deg(P,C) + 1 > 3, we have
deg(N,D.D) > deg(N,N.N) + 3. Thus, since ms; =
kp +1p +1l.and m = k,, + 1, + [, it follows that

= Kp[sms =+ (aml =+ Qc,1 =+ bp71)5m571 + - '],
= Kn[sm + (ap,l + Gc,1 + bn,l)sm_l + - ]7

po(s)
pi(s)
which implies
Qo = pr Qm, -1 = Kp(an,l + ac1 + bp,l)a
Bm = Kn, Brm-1 = Kn(ap,l + ac1 + bn,l)-
Thus, (5) becomes
QAn,1 + bp,l -

ap1 — bn,l < 07

which leads to

kn kp ln lp
Zz? —Zzi —Zp? +Zpi < 0.
i=1 i=1 i=1 i=1
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(ii) Note that deg(N D.D,,) = deg(NN.N,,) + 1 and
deg(N,D.D) = deg(N,N.N) + 2. Thus, it can be
shown that

po(s) = Kp[s™ + (an,1 + ac1 + by
+ KoK )s™ 4],
pl(s) = Kn[sm + (ap71 + ac1 + bml)sm_l 4+ ... ]7

which implies

== Kp, Upg—1 = Kp(an,l + Ge,1 + bp,l + Kan)7
= Kna 5m71 = Kn(ap,l + Gc,1 + bn,1)~

am,s

Brm

Thus, (5) becomes

Qn, 1 + bp,l + KnK(, —Gp1 — bn,l < Oa

which is equivalent to

kn kp Ly Iy
Do =d a— ) P+ pi+ KK, <0
i=1 i=1 i=1 i=1

According to Theorem 4, as poles (zeros, respectively)
of P, are placed further right (left, respectively), it be-
comes more beneficial for the robust stabilization. How-
ever, this may impose quite a burden to the design of
C(s), since the control of unstable plant is usually more
difficult than that of stable plant. In the meanwhile, there
exists a difference between the case of r.deg(P,C) =1
and of r.deg(P,C) > 2. Robust stabilization for the case
where r.deg(P,C') = 1 becomes more difficult than the
case where r.deg(P,,C) > 2 since K,, K is usually pos-
itive. In other words, the design of C' needs to take into
consideration not only the stabilization of 5 f PCC but also
(7). As usual, the larger K, is necessary for faster tran-
sient response and the smaller steady state error, which
implies that (7) may impose a limitation on the perfor-
mance of the closed-loop system.

4. AN ILLUSTRATIVE EXAMPLE

Consider the following system

1

Pls) = (s+2)(es+1)’

where € is a nonnegative constant. We first consider the
case where the relative degrees of P, is the same as that
of P. To this end, we assume ¢ = 0. The DOB controller
is designed using

1 5 1

Pn(s): (8—‘1-2)’ *;7 Q(s):m’

where 7 = 0.01. Fig. 2 shows the step responses of three
cases: Nominal closed-loop system in the absence of
disturbance (‘Nominal response’), nominal closed-loop
system in the presence of disturbance d(t) = sin(27t)
(‘DOB OFF’), and the DOB controller turned on at t =
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Fig. 2 Simulation results of P(s) = i7. Nominal

system in the absence of disturbance (‘Nominal re-
sponse’), nominal system in the presence of distur-
bance d(t) = sin(27t) (‘DOB OFF’), and DOB con-
troller turned on at ¢ = 5 in the presence of distur-
bance d(t) (‘DOB ON’).
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Fig. 3 Simulation results of P(s) = m Nom-

inal system (i.e., ¢ = 0) in the absence of disturbance
(‘Nominal response’), DOB controller for e 0.5
and d(t) = sin(2nt), and DOB controller for e = 0.1
and d(t) = sin(2xt). In both cases, DOB is switched
onatt =>.

5 in the presence of disturbance d(t) (‘DOB ON after
t = 5’). From the figure, it is seen that the plant output
of ‘DOB ON’ approaches that of ‘Nominal response’ as
time goes on although there exists an input disturbance
d(t). This confirms the performance recovery equation
(3).

Now, we study the case where r.deg(P,) =
r.deg(P) — 1. To this end, we consider two cases that

= 0.5and ¢ = 0.1, ie., P(s) = and

_ 1
P(s) = (s+2)(0.19+1)
approximated to from which the nominal plant is

chosen as P, (s) = - +2 The DOB controller is chosen
as the same as in the above, which shows that the con-

1
(s4+2)(0.5s+1)
We assume that both plants are

s+2 ’
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Fig. 4 Simulation results of plants that violate conditions
of Theorems 2 and 4.

dition (6) is satisfied. Simulation results are shown in
Fig. 3, where the dashed line represents a nominal sys-
tem in the absence of disturbance. On the other hand,
the dash-dotted line stands for a case where € = 0.5 and
d(t) = sin(2nt) while the solid line for ¢ = 0.1 and
d(t) = sin(27t). In both cases, DOB is switched on at
t = 5. After the DOB is switched on, both plant outputs
converge to that of ‘Nominal response’ as time goes by
although there exists an input disturbance d(t).

Finally, in order to appreciate conditions of Theo-
rems 2 and 3, we consider the following three plants:
Py(s) and

P(s) = (512)(0.1s+1)2"

1 1
(542)(0.33s+1)° Pa(s) (s+2)(01s+1)°
L We assume that the nominal

plant is chosen as P, (s) = S+6 rather than - 2 and C(s)

is chosen as C(s) = 2. Then, accordmg to Theorems
2 and 3, P;(s) and P;(s) are not stabilizable no matter
how C(s) and Q(s) are chosen to design the DOB con-
troller. Fig. 4 shows the simulation results of the DOB
controller with Q(s) = — +1 It is seen that the plant out-
put of P»(s) is recovered to nominal one while those of
Py (s) and P;(s) show very large oscillations and results
in instability. Here, the instability of Ps(s) is somewhat
surprising because a well-known idea of designing con-
troller is to approximate given plant to a simpler one by
neglecting the fast dynamics, if any. However, it is seen
from the figure that, as far as the DOB controller is con-
cerned, this approximation should be made very carefully
so that the difference between the relative degree of real
plant and that of the approximated one must be less than
two.

S. CONCLUSION

In this paper, we study the stability of the DOB con-
trol system when the relative degree of the plant is greater
than that of the nominal model. Our research results show
the following new results: 1) When the relative degree
difference is one, robust stabilization can be achieved
against arbitrarily large uncertainties. However, on the



contrary to the same relative degree case, not only Q-
filter but also P,, should be carefully chosen to achieve
the goal. 2) When the relative degree difference is greater
than one, robust stabilization is not possible no matter
how Q-filter and P,, are chosen. Therefore, in order to
achieve robust stabilization using DOB, P, should be
carefully selected such that the relative degree difference
is not greater than one. The future research direction will
be the stability analysis for the case where the Q-filter
has a general form (2) rather than the simple form in As-
sumption 1.
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